
Adaptive Scheduling of Optimization Algorithms in
the Construction of Interpolative Fuzzy Systems

Krisztián Balázs
Department of Telecommunications

and Media Informatics
Budapest University of

Technology and Economics
Magyar tudósok körútja 2.
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Abstract—This paper presents an adaptive scheduling ap-
proach applied for constructing interpolative fuzzy rule based
systems. This is continuation of our preceding work, where the
same approach was used for dense fuzzy rule bases.

During the optimization process different optimization algo-
rithms are scheduled according to their respective local efficiency,
i.e. according to their convergence speed in various phases of the
machine learning process. The scheduled optimization techniques
are evolutionary algorithms that have shown efficiency in the
construction of interpolative fuzzy rule based systems.

Simulations are carried out on standard benchmark sets in
order to evaluate the established system and to compare it
to fuzzy systems built up by deploying the same optimization
techniques without the scheduling approach.

Index Terms—Adaptive scheduling of optimization algorithms,
Fuzzy rule based knowledge extraction, Interpolative fuzzy sys-
tems

I. INTRODUCTION

Knowledge extraction, or machine learning [1], aims at
gathering information from data sets by finding highly de-
scriptive hidden structures in them in order to model the whole
system or phenomena, where the particular data sets originate
from. The resulting model can be then used for predictions,
evaluations, diagnoses, decision making and in a number of
other ways based on the nature of the subject of the model.

When performing knowledge extraction the resulting model
is usually selected from a family of possible models by finding
(at least in theory) the optimal one from a pool of candidates.
Actually, this means that the parameters of a parameterizable
modeling architecture are tried to be adjusted to the most
suitable values, in which case the architecture can imitate the
characteristics of the involved data set most properly. This way
the learning problem can be formulated as an optimization
task, which can be solved by optimization methods.

There are a plethora of parameterizable modeling architec-
tures and it is a very difficult and ambiguous task to find the

one possessing the best properties from the point of view of
accuracy and complexity. In order to illustrate this, two reasons
are mentioned. The first one is that practically applicable
results do not exist dealing with the modeling power of the
majority of modeling approaches. Although, a large part of
modeling architecture types is proved to possess the univer-
sal approximator property, this is rather theoretical and not
practically applicable [2], because real universal approximators
have unbounded demands in both space and time complexity.
The second reason is that most of the efficient modeling
architectures are difficult enough to lead to an analytically
unpredictable learning process, including the quality of the
resulting model. Therefore, in a particular problem field the
‘best’ modeling architecture can only be selected by a lot of
experience.

On the other hand, if the need arises for an architecture,
using which the extracted knowledge is not only applicable
in further operations, but is also conveyable to humans,
i.e. it is understandable, then a modeling technique having
outstanding inherent interpretability properties is searched for.
In this case the most appropriate choice is definitely to apply
fuzzy rule based architectures for modeling, because besides
being universal approximators and being capable of solving
different kinds of machine learning problems, they have rather
unique inherent interpretability properties possessed by no
other modeling architectures [3].

Among fuzzy systems there are classes applying different
complexity reduction techniques. A way of complexity reduc-
tion is to decrease the number of rules and to use interpolation
[4], [5] between them, whereas another way is to divide the
input space into several parts and to construct different sub-
rule bases for each part (moreover possibly do this recursively)
resulting in a hierarchical rule base [6], [7]. Additionally, the
two complexity reduction approaches may be combined, thus
hierarchical-interpolative fuzzy systems [8], [9] may also be



used in order to achieve higher efficiency.
As it was mentioned above, a machine learning process is

actually an optimization process, where the aim is to find
the optimal parameters of the modeling architecture. Since
this is a complex optimization task, only global optimization
techniques are viable. Based on the literature evolutionary
optimization methods, especially, Bacterial Evolutionary Al-
gorithm and its memetic variants are such very efficient
techniques (cf. [10], [11], [12] and [13]).

Our recent work [14] proposed an approach for com-
bining algorithms by adaptively scheduling them during an
optimization process in order to improve the convergence
to the optimum. This approach can also be applied for the
construction of fuzzy systems.

After the above discussions the aim of this paper may be
formulated. Our goal is to establish a promising knowledge
extracting system being able to build accurate knowledge bases
as fast as possible with low complexity and outstanding inher-
ent interpretability properties. For this purpose interpolative
fuzzy systems are used together with the adaptive scheduling
of the mentioned bacterial algorithms.

Despite the importance of the interpretability property, it
will not be exploited in the present paper. Its investigation
will be the aim of future works.

Although, in fuzzy systems the interpretability of the
extracted information can be ensured by using appropriate
methods (which are not considered in this paper, but can be
found e.g. in [15] and [16]), like in case of the majority of
modeling approaches, fuzzy architectures are also too difficult
to determine analytically the speed of the learning process
and the accuracy of the resulting knowledge base. Hence the
established systems will be evaluated based on the results
of simulation runs carried out on different machine learning
problems.

The next section gives a theoretical overview of the above
mentioned techniques and approaches. Section III describes
the establishment of the investigated fuzzy rule based machine
learning systems. In Section IV the constructed systems are
evaluated and compared to those not applying the adaptive
scheduling approach. Finally, Section V summarizes the paper,
draws some conclusions and appoints aims for future works.

II. THEORETICAL BACKGROUND

In this section the theoretical background of the methods
merged during our work in the construction of sparse rule
bases will be described shortly.

First the schema of the established knowledge extraction
systems will be explained followed by a brief description of
its key components, namely, interpolative fuzzy systems as
knowledge representing architectures, evolutionary optimiza-
tion methods and the adaptive scheduling approach.

A. Supervised machine learning

Supervised machine learning is a branch of knowledge
extraction approaches. Given a system (or phenomenon) char-
acterized by a data set (samples) and a modeling architecture

with adjustable parameters. The samples are formed by input-
output ((xi, di)

n
i=1) pairs corresponding to the system.

The task of supervised machine learning is to adjust the
parameters of the modeling architecture to make it similar
in ‘behavior’ to the system. The ‘behavior’ of the model is
characterized by input-output pairs, where the inputs ({xi}ni=1)
are the same inputs as the system has, respectively, and
the outputs ({yi}ni=1) are the corresponding responses of the
modeling architecture. The degree of similarity between the
behaviors is measured by a predefined error function being a
function of the parameters of the model. For example, Mean
Squared Error is a commonly applied error definition:

1

n

n∑
i=1

(yi − di)2 (1)

The higher the degree of similarity, the lower the value
of the error function. Hence the task of supervised machine
learning is actually to find values to the parameters, in which
case the error is minimal. This way supervised machine
learning problems can be reduced to optimization problems.

Most often, the samples are divided at least into two parts.
If they are separated into two sets, then the first set (training
samples) is used during the learning process and involved in
the adjustment of the parameters of the model through the
error function. The second set (test samples) is applied after
the learning in the evaluation of the accuracy of the obtained
model.

If the original data set is divided into more than two parts,
then additional tests can be performed during the learning
process e.g. in order to avoid overfitting [1].

B. Interpolative fuzzy systems

The concept of traditional fuzzy inference is well-known
(see e.g. [17]). The input of the system (observation) is
compared with the antecedent parts of the rules contained
by the rule base, and the degree of matching between the
observation and the antecedent part of each fuzzy rule is
calculated. This value is positive for a rule if and only if
the antecedent sets of the rule overlap with the observation
in each input dimension. Then, based on these values the
fuzzy inference engine computes a conclusion according to
the respective consequent parts of the rules. Finally, after
defuzzification a crisp conclusion is produced by the system.

Due to this mechanism, if an observation can be given to the
system, for which in the rule base there are no rules matching
with positive degree, then the inference engine is unable to
compute any conclusions when that particular observation
occurs. As a result, in a properly working fuzzy system the
union of the antecedent parts of the rules must cover the whole
input space. Such rule bases are called dense.

Moreover, it is a usual requirement that every element of the
input space should be contained by at least one rule antecedent
with at least a predefined α > 0 membership value.

Although, in the above inference schema the application of
dense rule bases is necessary for a properly working fuzzy
inference system, denseness leads to unfavorable complexity.



Namely, if the input space is k dimensional and there are
maximum T antecedent sets along each dimension, then the
rule base must contain O(T k) rules. This results in the
exponential growth of the rule base size in terms of the
number of input dimensions, strongly affecting not only the
space complexity, but (which may be more important) also the
computational demand of the system.

This problem motivated the invention of complexity reduc-
tion approaches for fuzzy inference systems, such as inter-
polative [4], [5] and hierarchical techniques [6], [7] as well as
combined hierarchical-interpolative methods [8], [9].

In case of interpolative systems the described inference
schema is modified [4], [5]. During the establishment of the
conclusion the consequent parts of the rules are combined
based on the distance of the respective antecedent parts from
the observation. The closer a rule is, the bigger influence it
has in the shaping of the conclusion.

When interpolation methods are used, gaps are allowed
between the antecedents of the rules within the rule base,
because fuzzy inference can be performed even if there are
no rule antecedents overlapping with the given observation.
That is, the rule base can be sparse.

This way T can be decreased to T ′ < T in the above
complexity, i.e. the complexity can be reduced to O(T ′k) <
O(T k).

C. Bacterial Evolutionary Algorithm and its memetic variant

Evolutionary algorithms (EAs) are iterative stochastic
global optimization methods imitating the evolutionary pro-
cesses observed in the nature. For the given optimization
task they maintain a group of candidate solutions, called
individuals forming the population, which are continuously
modified iteration-by-iteration (or generation-by-generation)
using the evolutionary operators. The candidate solutions are
represented in the form of numerical vectors, whose values
are changed by the evolutionary operators.

The individuals compete each other in a similar way as
species and individuals do in the nature. Their success is deter-
mined by the fitness function being a monotonic transformation
of the objective function of the optimization problem. Thus,
the higher the fitness of the particular individual, the closer
the represented candidate solution to the optimal one.

The Bacterial Evolutionary Algorithm (BEA) [18] is a very
simple, but rather efficient evolutionary technique. Based on
a plethora of experimental comparisons (cf. e.g. [10], [11],
[12] and [13]) they clearly outperform the well-known and
widely-applied famous Genetic Algorithm [19].

After initialization within the main iteration loop there
are two evolutionary operators: bacterial mutation and gene
transfer.

Although, evolutionary algorithms explore the whole search
space defined by the given optimization task, due to the
mechanism of their usual operators they do not explore it
in details. In contrast, local search methods are optimization
techniques exploring only a local neighborhood of the initial
points within the search space, however they explore it rather

comprehensively compared to EAs. In order to unite their
advantages, they can be united, if e.g. local search steps are
executed as evolutionary operators within the main iteration
loop of an evolutionary technique. These combinations are
called memetic algorithms [20].

For example, Bacterial Memetic Algorithm (BMA) [10] can
be constructed if either Steepest Descent [21] or Levenberg-
Marquardt [22], [23] iterations are executed among the steps
of BEA. In this paper BMA refers to the technique involving
Levenberg-Marquardt gradient steps.

D. Adaptive scheduling of optimization algorithms

The problem of adaptive scheduling of optimization algo-
rithms was introduced recently in [14]. Its motivation and goal
are the following.

As a rule of thumb it can be said that for simpler optimiza-
tion tasks simpler algorithms, for more difficult ones more
complex optimization techniques are suitable. An illustrative,
exaggerated example can be the minimization of a simple one
dimensional quadratic function and of a thousand dimensional
stochastically strongly perturbed multimodal discontinuous
surface that does not have a closed analytic form even without
the stochastic perturbation. Whereas in the first case the exact
minimum can be found analytically in a few steps, well-known
from calculus, in the second case the exact minimum is cer-
tainly unreachable and efficient global optimization techniques
like EAs are only viable together with long execution times.

However, a similar dichotomy can be observed when a
sufficiently difficult optimization problem is solved. Namely,
at the beginning of the optimization process simpler methods
converge faster than more compound ones, because the former
techniques have lower computational demands and since the
initial points within the search space usually have low qual-
ity, it is easy to reach better and better candidate solutions
iteration-by-iteration. However, in longer terms the higher
computational demand of more compound algorithms becomes
a small drawback compared to the advantage coming from
the higher improvement power of more complex methods.
Thus, it heuristically follows that for more difficult problems in
longer terms the best more complex optimization approaches
can outperform the best simpler ones. Indeed, there are many
simulation results in the literature confirming this heuristic
(e.g. [11], [12] and [13]).

For example, Fig. 1 shows the characteristics, i.e. the
convergence speeds in terms of fitness level, of BEA and BMA
during a fuzzy rule based learning process [14].

After this observation, the idea to use a simpler method
arises in the early parts of an optimization process and when
a more complex technique becomes more efficient, then switch
between the algorithms and continue with the execution of the
more compound one. Moreover, this idea can be generalized
to the approach to always (i.e. in each iteration during the
optimization) apply the currently most efficient technique, that
is, to adaptively schedule the optimization algorithms during
the whole optimization process.



Fig. 1. Characteristics of BEA and BMA during an example optimization
process.

For this scheduling problem two scheduling strategies
(schedulers) were defined [14], and very recently an improve-
ment was proposed to the second one [24].

1) Greedy Scheduler: Greedy scheduler executes all the
algorithms simultaneously, and after each iteration (or time
slot) the currently best candidate solution is selected according
to its objective function value. In case of population based
techniques (like BEA or BMA) the best population is selected
based on some quality measure, e.g. the fitness value of
the best individual. In the subsequent iteration (or time slot)
every algorithm is initialized to the selected candidate solution
or population and executed simultaneously. Then, another
comparison is performed, and so forth.

The seemingly hopeless drawback of this simple scheduler
is its huge overhead originating form the parallel execution of
all algorithms during the whole optimization process.

2) Fast Greedy Scheduler: Sometimes the optimization
problem has favorable properties and particular optimization
algorithms can perform best during long periods. In this case
the number of switches between the algorithms in an optimal
schedule may be low.

In order to exploit this advantage of such problems, another
version of the above discussed Greedy scheduler was pro-
posed. If the scheduling problem has the mentioned favorable
property, this scheduling method is faster, than the previous
one.

The Fast Greedy Scheduler does not compare the opti-
mization algorithms in each step, i.e. it does not execute
them simultaneously all the time, but only after a predefined
‘blind running’ time, while it applies only the last locally best
algorithm.

This way the mentioned drawback of the previous scheduler
can be eased.

3) A recently proposed improvement for Fast Greedy Sched-
uler: If it can be assumed that the characteristics, i.e. the

convergence speeds in terms of fitness level, are monotonic
decreasing functions, then the following straightforward im-
provement can be applied to Fast Greedy Scheduler, resulting
in the approach Monotonic Fast Greedy Scheduler (MFGS).

After each blind running phase the convergence speed of the
active algorithm is compared to the last calculated convergence
speeds of the inactive ones, which are the values calculated
at the end of the last performed comparing phase. If the
convergence speed of the active method is still greater than
or equal to all the other values, then at the current fitness
level the active algorithm must still be the most efficient one
due to the monotonicity of the characteristics assumed. In
this case the subsequent comparing phase is postponed and
the blind running continues. During the remaining part of
this lengthened phase the convergence speed is continuously
compared to the last calculated convergence speeds of the
inactive methods. When the efficiency of the active algorithm
decreases below the highest last measured efficiency level of
the inactive methods the postponed comparing phase takes
place, and then the algorithms are executed simultaneously
for a short period.

With this improvement MFGS clearly reduces the compar-
ing overhead of the schedulers further.

III. ESTABLISHING INTERPOLATIVE FUZZY SYSTEMS
INVOLVING THE SCHEDULING APPROACH

This section first explains the application of the described
bacterial optimization techniques during the construction of
fuzzy knowledge bases within a supervised machine learning
process. Then, the recently proposed scheduler is introduced
into the process.

A. Applying the bacterial techniques in interpolative systems

As it was explained in the previous section BEA represents
the candidate solutions of an optimization problem in the form
of numerical vectors. In case of machine learning tasks the
components of these vectors correspond to the parameters of
the modeling architecture. In fuzzy systems these parameters
characterize the rule bases. The rule bases always contain
trapezoidal membership functions in every rule in the present
work. The number of fuzzy rules in the knowledge bases
is predefined. Therefore, it is obvious to characterize the
rule bases by the breakpoints (vertices) of the trapezoids,
i.e. to assign these points to the components of the vectors
represented by the individuals of BEA [10]. Thus, in the
numerical vectors all the breakpoints of every trapezoid from
each fuzzy rule is simply collected.

B. Adaptively scheduling the bacterial methods

After the two bacterial techniques are adapted, it is straight-
forward to introduce MFGS into the optimization process.
Since the scheduler is a meta-optimizer, it has no direct
connection to the underlying fuzzy system. MFGS controls
from the top; it only monitors the bacterial methods, compares
them and switches between them.



IV. EXPERIMENTAL ANALYSIS

Since the established systems are too difficult to determine
analytically their main capabilities, namely the speed of the
learning process they perform and the accuracy of the resulting
knowledge base, they were evaluated based on the results of
simulation runs discussed in this section.

After defining the involved machine learning problems and
enumerating the parameters of the optimization processes,
the results of the experiments and their explanation will be
presented.

A. Involved data sets

The following two machine learning data sets were involved
in the experiments from the well-know KEEL machine learn-
ing data set repository [25].

1) Friedman benchmark function: The five (input) dimen-
sional benchmark dataset proposed by Friedman in 1991 forms
a synthetic learning problem. Each sample of the set was
generated using the following method.

Five values (x1, x2, . . . x5) were generated independently
according to the uniform distribution over [0, 1]. Then, the
output (target value) was defined applying the equation:

y = 10 sin(π)x1x2 + 20(x3 − 0.5)2 + 10x4 + 5x5 + e, (2)

where e ∼ N(0, 1) is a standard Gaussian random noise.
The data set contains 1200 instances, from which 200 are

used as training samples and 1000 as test samples in the
simulations.

2) Treasury data set: The fifteen dimensional Treasury data
set (Treasury) aims at predicting the so-called one month
certificate of deposit rates based on fifteen economic features.

There are 1049 instances in the data set (corresponding to
the weeks from April 1, 1980 through April 2, 2000), from
which 349 are used as training samples and 700 as test samples
in the simulations.

B. Technical details of the optimization processes

During the experimental analysis the Stabilized KH inter-
polation technique was used [26].

In the simulations the parameters had the same values as
in our previous works (see [12] and [13]), because before
carrying out simulations in those investigations after a number
of test runs these values seemed to be the most suitable.

The number of individuals in a generation was 8 in both
BEA and BMA algorithms. The maximum number of rules in
the rule base was 4. The number of clones was 5 and 4 gene
transfers were carried out in each generation. In the memetic
technique the local search techniques executed 4 iterations in
each generation.

MFGS compared the efficiency of the different algorithms
during 125 seconds long comparing phases in order to have
a meaningful comparison, since the fitness values may not
increase during a long period. The length of the blind running
phases were set to 500 seconds.

The optimization processes stopped after reaching the time
limit, which was 2000 seconds uniformly.

At the end of each optimization processes the accuracy of
the resulting rule bases was measured using the Mean Squared
Error (MSE).

The number of executed generations during the learning
process was also observed.

In case of all algorithms for each parameterization 8 runs
were carried out for every learning problem, then the mean of
the obtained values were taken.

During the runs the fitness values of the best individuals
were monitored in terms of time. These fitness values were
calculated based on the MSE values measured on the training
samples (in contrast with the final errors, which were measured
on the test samples) as follows:

F =
10

MSE + 1
=

10m
m∑
i=1

(di − yi)2 +m

. (3)

The purpose of this definition is to obtain a strictly mono-
tonic decreasing fitness function taking its values from the
interval [0, 10], which differentiate candidate solutions giving
lower error values stronger.

The means of the fitness values of the best individuals
during the runs were presented in figures (Fig. 2 and Fig. 3)
to get a better overview. The horizontal axes show the elapsed
computation time in seconds, whereas the vertical axes show
the fitness values of the best individuals at the current time.

In the figures the dashed lines show the results of BEA,
the dotted lines present the performance of BMA, whereas
the solid lines show the fitness values given by the scheduling
approach.

The final error values of the simulation runs are presented
in tables (Table I and Table II). In the tables “MSE mean”
and “MSE std.” denote the mean and standard deviation of
MSE values, respectively, additionally, “No. of gen. mean” and
“No. of gen. std.” denote the mean and the standard deviation
of the number of executed generations. The best error values
are highlighted.

C. Simulation results

The results for the learning problems are shown in Fig. 2
and Fig. 3 as well as in Table I and Table II.

Observing the results given by the different interpolative
systems, perhaps the most obvious fact is that MFGS was
outperformed in the five dimensional case, however, for the
fifteen dimensional problem MFGS was the most efficient one.
The explanation of these results is the following.

In case of the simpler problem it is not worth to use the
scheduling technique, because its overhead deteriorates the
advantage gained by the possibility of adaptively switching
to the currently best performing optimization algorithm.

However, in case of the more difficult problem the advan-
tage of adaptively switching is higher than the disadvantage
of the overhead originating from the comparing requirements,
and thus the interpolative system involving the scheduling
approach outperforms the other ones.



Fig. 2. Fitness values for the Friedman benchmark function (5 dimensions).

Fig. 3. Fitness values for the Treasury data set (15 dimensions).

Looking at the results given to the Treasury data set, one
might have a presumption that BMA was overwhelmed in
contrast with the conclusion of previous comparative works
(cf. [12] and [13]). However, after a careful study it can be
noticed that at the end of the optimization process the fitness
curve of BMA is the steepest foreshadowing an intersection
with the curve of BEA. Indeed, in previous works BMA
showed a “slowly but surely” behavior, and if BMA had
enough time for running, it outperformed any other techniques.

One more interesting property can be clearly seen from
Table II. The number of generations executed by MFGS is
almost the arithmetic mean of the generation numbers of the
other two methods. Its reason is that after switching to BMA
the number of generations executed in a time unit drops. (This
phenomenon is not so obvious from Table I, it may be caused
by late switching.)

Comparing the fitness values obtained in case of the fifteen
dimensional problem to previous results published in our
preceding paper [24], where Mamdani-inference was applied
instead of rule interpolation, it can be observed that the
present values lag behind the values given by the Mamdani-
inference based system. The explanation of this is the fact
that although, the interpolative system has better (lower)
computational resource consumption, information is always
lost in sparse models.

TABLE I
FINAL ERROR VALUES FOR THE FRIEDMAN BENCHMARK FUNCTION.

BEA BMA MFGS
MSE mean 3.8313 2.9879 3.5871
MSE std. 0.6683 0.2706 0.5131

No. of gen. mean 1146.2 178.0 905.8
No. of gen. std. 34.1423 5.1478 25.4892

TABLE II
FINAL ERROR VALUES FOR THE TREASURY DATA SET.

BEA BMA MFGS
MSE mean 1.6307 1.9160 1.5813
MSE std. 0.2154 0.2112 0.2234

No. of gen. mean 213.375 16.500 127.750
No. of gen. std. 27.2393 1.1952 38.3955

V. CONCLUSIONS

The goal of this paper was to apply the recently proposed
Adaptive Scheduling of Optimization Algorithms approach in
interpolative fuzzy rule based knowledge extraction processes
in order to solve supervised machine learning problems. The
scheduling was performed between Bacterial Evolutionary Al-
gorithm and its memetic variant, Bacterial Memetic Algorihm,
since according to previous studies (e.g. [12] and [13]), these
are efficient techniques for constructing interpolative fuzzy
systems.

Simulation runs were carried out on two data sets in order
to compare the performance achieved by the application of the
scheduling approach to the abilities of the bacterial methods.

The experiments showed that in case of the simpler problem
it was not worth to use the scheduling technique, because its
overhead deteriorated the advantage gained by the possibil-
ity of adaptively switching to the currently best performing
optimization algorithm.

However, in case of the more difficult problem the advan-
tage of adaptive switching was higher than the disadvantage
of the overhead originating from the comparing requirements,
and thus the interpolative system involving the scheduling
approach outperformed the other ones.

Further research aims at improving the scheduling algorithm
and applying the approach for other architectures, such as
hierarchical and hierarchical-interpolative fuzzy systems.
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