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After reviewing the requirements, which has to be satisfied by a metamaterial based sub-
wavelength imaging systems a thin films lens is reported herein. The material of the lens is a
composite of spherical Ag nanoparticles embedded in SiO2 host material. The image of the lens
is calculated, by solving the Maxwell equations, with the Transfer Matrix method. The procedure
applies Maxwell-Garnet mixing rule and high frequency effective medium theory to calculate the
electromagnetic parameters of the composite material. The formula of the composite material, the
optimum working frequency and the thicknesses of the layers are determined minimizing the abso-
lute difference between the source and image. The details of the design procedure are presented and
optimized configurations obtained under different constrains are discussed. The main advantage of
the composite lens is that it can eliminate the hotspots present in the images of metallic superlens.

I. INTRODUCTION

With the formulation of the optical diffraction criterion
by Abbe at the end of the 19th century many researchers
believed that the wavelength of light combined with the
aperture size gives a final resolution of around 200 nm for
optical microscopy [1]. In various fields of science, tech-
nology and medicine there is continuous need to obtain
higher and higher resolution images. To date a broad
range of microscopes based on very different principles
and phenomena were developed and are researched for
nanometer size resolution. Sometimes the use of opti-
cal micro/nanoscopy presents exclusive way for imaging.
For example living cells cannot be observed under elec-
tron microscopes and with X-rays, only when a low dose
is sufficient.

Recently several research groups presents techniques
to overcome the diffraction limit, to achieve superior res-
olution. Depending on the operating distance the sub-
diffraction imaging techniques can be classified in far field
or near field imaging methods. The far field methods as
the stimulated emission depletion microscopy collects the
optical signal far from the sample. The near field tech-
niques collect the signal close to the sample including the
evanescent components which decays at a very short dis-
tance from sample, but contains information which are
needed for a complete reconstruction of the image. For
example in a near field scanning microscope (NSOM) a
nano antenna is used to produce highly localized electric
field intensity. When the probe is close to the sample
the localized electromagnetic field can probe the sample
producing optical response.

According to our observations magnetism vanishes at
higher frequencies for all natural materials, and the re-
fractive index is always positive [2]. The research of
metamaterials has started with the goal of producing ma-
terials with negative refractive index i.e. simultaneous
negative electric permittivity and magnetic permeability
for imaging applications below the diffraction limit [3–5].
However the design of metamaterial lenses with negative
refractive index is not an easy task. Despite of the ex-

tensive research efforts the existing optical metamaterial
based imaging systems work only for narrow frequency
range of plane waves incident with specific angle and po-
larization.

Metals has negative electric permittivity, therefore the
main challenge of the metamaterial research is to produce
the required negative magnetic properties. The metama-
terial structures proposed in literature achieve the high
frequency magnetism with sub-wavelength current loops
or metallic structures, which can support anti-symmetric
modes. The associated current flow produces a magnetic
moment. A metamaterial with a customized optical re-
sponse can be built as a superposition of resonant nano
elements. With an advance in nano-fabrication there are
possibilities to produce such sub-wavelength structures.
A very common design of an artificial material with tai-
lored negative permittivity is the wire medium. The most
common designs to produce artificial magnetism are the
variations of the split ring resonators [6] and pairs of
nano-rods [7]. The single wires and cut-wire pairs can
be arranged in the so called fishnet geometries leading
to structures with consecutive negative electric permit-
tivity and magnetic permeability at optical frequencies
[8]. However the metamaterial based imaging system will
have a cutoff frequency due to unavoidable losses, and the
finite size of the unit cell. As it is discussed in the next
section, the required unit cell size can be estimated based
on the frequency domain analysis of the image formation
and the Nyquist-Shannon sampling criteria. The calcu-
lations indicate that 100 nm resolution requires unit cell
sizes smaller than 20 nm. At this unit cell size, it remains
a challenge to fabricate the required negative magnetic
response.

In case of metamaterials constructed from small res-
onators the strength of the resonance decreases with
the decrease of the unit cell size therefore for deep sub-
wavelength resonators, the strength of the resonance is
not strong enough to produce negative magnetic perme-
ability. It seems that nano-structuring of metals can-
not substitute magnetic charges; nevertheless resonator
based double negative materials may find their applica-
tions as electromagnetic materials at higher wavelengths
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than the visible range. Consequently multilayer metal
dielectric metal waveguide systems acting as double neg-
ative metamaterials working even in the ultraviolet range
has been demonstrated [9, 10].

For imaging applications, to overcome the difficulties
of producing double negative metamaterial, it was shown
that a metamaterial with negative permittivity only is
suitable for imaging transverse magnetic (TM) sources
in the near field region [3, 11]. In the literature this type
of material is referred as single negative metamaterial.
In the experimental demonstration a 35 nm thick silver
layer was used and leading to a resolution of about 65 nm
[12]. Multilayer metal-dielectric systems were developed
to increase the separation between the object and im-
age plane. Far field imaging can be achieved with metal-
dielectric multilayer arranged in cylindrical or hemispher-
ical geometries [13, 14]. The double negative multilayer
metal-dielectric-metal waveguide metamaterial provides
full control over the electromagnetic components of light
and it has been successfully applied for imaging two di-
mensional object in the ultraviolet [10].

In this paper optimized lens designs are presented us-
ing single and multilayer thin film metal-dielectric com-
posites. Colloidal chemistry can manufacture a large va-
riety of nano-spheres with regular shapes at sizes of a few
nanometers and there are well developed technologies to
form thin layers of such inclusions. The utilization of
composite materials can provide the advantage of elimi-
nating the ”hotspots” of the high resolution image, which
are caused by the field enhancements of irregular surface
morphology of thin metallic films. The composites can
provide the tunability of the lens to the frequencies of
commercially available laser sources. The multilayer su-
perlens can offer a larger separation between the sources
and image and this separation can be critical for practi-
cal applications. To design the composite lens, a transfer
matrix based field solver, which is connected to a differ-
ential evolution optimization algorithm [15] is developed.
The software package is freely available and the details of
the design procedure are presented in this paper. Simpli-
fied expressions of the Maxwell-Garnett formula of lay-
ered spheres are derived to calculate the electric permit-
tivity of composite materials. For spherical inclusions a
high frequency extension of the Maxwell-Garnett mixing
rule, which employs the dipole terms of Mie expansions is
presented as well. The design formulas require the elec-
tric permittivity of metallic inclusions with averaged size
of a few nanometers, therefore the change of the electric
permittivity in function of size reduction is taken into
account. The methodology is applied to design thin film
lenses made of Ag spherical nanoparticles with average
size of 5 nm dispersed in SiO2 host. The working fre-
quency, the filling fractions, the number and thickness of
layers required to build an optimized composite lens for
sub-wavelength imaging are provided.

II. ESTIMATION OF THE UNIT CELL SIZE OF
METAMATERIALS FOR SUB-WAVELENGTH

IMAGING

In order to investigate the requirements which has to
be satisfied by metamaterial imaging systems the ideal
arrangement composed of the metamaterial slab with
refractive index n = −1 and thickness d, surrounded
with air is considered. The source plane and the im-
age plane is positioned at a distance d/2 in front and
behind of the slab, as shown in FIG. 1(a). From system
theory it is known that a system has ideal transmission
if the transfer function has constant magnitude and lin-
ear phase. However metamaterials are sub-wavelength
periodic structures, with finite sized unit cells and with
unavoidable losses attributed to the building materials.
Therefore the transfer function cannot be ideal and the
imaging system will have a spatial cutoff frequency cor-
responding to the highest spatial harmonic, which can be
passed. The bandwidth of the transfer function charac-
terizes the quality of the metamaterial imaging system.
In the following the transfer function of the ideal low pass
filter is considered as the transfer function of the meta-
material imaging system as it can be seen in FIG. 1(b).
The intensity distribution in the image plane is calcu-
lated by convolving the Fourier transform of the source
field with the transfer function and then performing in-
verse Fourier transform. The quality of the image, which
is described by the absolute difference between the inten-
sity distribution of the source and image, is investigated
in function of the bandwidth of the transfer function.

The source to be imaged is the double slot illuminated
with monochromatic light of 357 nm wavelength. The
intensity distribution in the source plane can be approx-
imated with a double Gaussian function. The half width
of this source is 20 nm and the peeks are positioned 100
nm apart. The magnitude of the source Fourier trans-
form is plotted in FIG. 1(b) with the read curve and the
transfer function having cutoff at kx/k0 = 2.674 is plot-
ted with the black line. The intensity distribution in the
image plane is plotted in FIG. 1(c), and for reference the
intensity distribution of the source plane is presented as
well. Note that in the absence of the metamaterial the
two peeks are indistinguishable in the image plane and
the parameters are configured in such a way that the two
peeks can be distinguished only when evanescent compo-
nents are transmitted. From the image the position of
the two peeks can be distinguished with a proper thresh-
old, however the magnitude and the half width of the
source cannot be accurately obtained. The evolution of
the absolute difference between the source and image in
function of the cutoff frequency of the transfer function
is presented in FIG. 2.

Passing more and more evanescent components, that is
having larger and larger bandwidth of the transfer func-
tion improves the quality of the image. However,the
Nyquist-Shannon sampling criteria indicates that the
unit cell size of the metamaterial lens has to be smaller
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(a)

(b)

(c)

FIG. 1. (a) The metamaterial based imaging systems with
the double Gaussian excitation, (b) the Fourier transform of
the source and the Transfer Function, (c) the intensity distri-
bution of the source and image; the highest spatial harmonic
which is passed has a wavelength of 21.24 nm

than half of the wavelength of the highest spatial har-
monic transmitted by the system. In case of FIG. 1,
the wavelength of the transmitted highest spatial har-
monic is λx = 21.24nm. Therefore the required meta-
material unit cell sizes should be 10 nm or less in order
to obtain the resolution of 100 nm with the source of
357 nm. The numerical methods to solve the Maxwell
equations can also provide a guideline to estimate the
required unit cell size. With the development of the Fi-
nite Difference Time Domain (FDTD) method extensive
research has been performed to estimate the accuracy
of the solution in function of the temporal and spatial
discretization. The FDTD method requires four to ten
times smaller unit cell sizes than the optical wavelength,
to propagate plane waves in a homogeneous medium with
acceptable accuracy over a distance of a few wavelengths.
At this unit cell size, it remains a challenge to fabricate
the required negative magnetic response from resonant
elements.

FIG. 2. The quality of the image in function of the bandwidth
of the transfer function.

III. FREQUENCY DOMAIN ANALYSIS OF
METAMATERIAL SLAB BASED IMAGING

SYSTEMS

With the advance of metamaterial research the the-
ory of transmission and reflection of single and multilayer
isotropic and anisotropic thin films [1] has been extended
to materials with double negative metamaterials [3, 7]. In
this section the main steps of the transfer matrix method
for materials with positive and negative refractive will
be reviewed with the purpose to present a reference for
our freely available metamaterial lens designing software.
The software can calculate the intensity distribution in
the image plane (FIG. 1) for single and multilayer ho-
mogeneous composite lenses illuminated with arbitrary
sources. The Fourier transform of the electromagnetic
field distribution g (x, y) of in the source plane is

G (fx, fy) =

∫
g (x, y) e−i2π(fxx+fyy)dxdy (1)

where kx = 2πfx and ky = 2πfy are the components of
the wave vector in the longitudinal direction, satisfying
the relation k2x+k2y+k2z = ω/c , where kz is the wavenum-
ber in the transverse direction z , ω is the angular fre-
quency and c is the speed of light in the medium which
fills up the space in front of the lens. The algorithm in
the present form is not taking any assumption how the
source is generated, consequently there is no account for
the interaction of the source and the metamaterial lens.
The transfer function of the imaging system, in case of
the double Gaussian source, which is independent of the
spatial dimension y can be written as

T (kx) = T0 (kx)T1 (kx)T2 (kx) (2)

where T0 (kx) = e−ikz0d0 is the transfer function of
the homogeneous medium with electric permittivity ϵr0,
magnetic permeability µr0 and thickness d0, filling the
space from the source plane to the lens; T2 (kx) =
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e−ikz2d2 is the transfer function of the homogeneous
medium ϵr2, µr2 and thickness d2 filling the space from
the lens to the image plane, and

T1 (kx) =
4ξ1ξ2

(ξ1 + 1) (ξ2 + 1) eikz1d1 + (ξ1 − 1) (ξ2 − 1) e−ikz1d1

(3)
is the transfer function of the thin film lens with elec-
tromagnetic properties ϵr1 , µr1 and thickness d1. The
coefficients ξ1 and ξ2 depends on the polarization, in case
of TM modes

ξ1 =
ϵr1kz0
ϵr0kz1

, ξ2 =
ϵr2kz1
ϵr1kz2

, (4)

and in case of TE modes

ξ1 =
µr1kz0
µr0kz1

, ξ2 =
µr2kz1
µr1kz2

, (5)

At this point it is worth to mention that the transfer
function T1 (kx) depends on the material parameters not
only through the coefficients ξ1 and ξ2, however implicitly
through kz as well. FIG. 3 summarizes the expressions
of the transverse wavenumber kz for different material
parameters. As it can be observed from the table, when
the lens is made of single or double negative metama-
terial, the transverse component of the wave-vector kz
is imaginary and positive for evanescent waves, leading
to amplification through the thickness of the lens. The
dynamics of this process has been extensively discussed
[16]. The field distribution in the image plane can be cal-
culated by inverse Fourier transforming the convolution
of the source Fourier transform multiplied by the transfer
function as

g (x, y, z2) =

∫
T (fx, fy)G (fx, fy) e

i2π(fxx+fyy)dxdy.

(6)
The normalized absolute difference between the source
and image measures the quality of the image

Ω =
1

Nx

Nx∑
j=1

|g (xj , z2)− g (xj , 0)| (7)

where Nx is the number of points in the x direction. This
expression serves as the objective function of the mini-
mization procedure when the optimal lens parameters are
determined.
For multilayer metamaterial lenses the steps of the

computational methodology are similar, except the cal-
culation of the transfer function which is performed with
the Transfer Matrix method. Applying the electromag-
netic boundary conditions and taking into account the
phase shift of the layers the following matrices can be
assembled

FIG. 3. The transverse wavenumber kz for different material
parameters.

Mm =

[
cos (kmz dm) i

ωϵmr
km
z

sin (kmz dm)

i
km
z

ωϵmr
sin (kmz dm) cos (kmz dm)

]
(8)

where dm is the thickness, ϵmr is the electric permittiv-
ity and kmz is the wavenumber of the layer with index
m. Starting form the image plane the matrices Mm are
multiplied together,

M =
0∏

m=n+1

Mm =

[
M11 M12

M21 M22

]
. (9)

The transfer function is given by the following expression

T (kx) =
2

M11 +
ωϵ0r
k0
z
M21 +

kn+1
z

ωϵn+1
r

(
M12 +

ωϵ0r
k0
z
M22

) ,
(10)

where k0z is the wavenumber and ϵ0r is the electric permit-
tivity in front, while kn+1

z is the wavenumber and ϵn+1
r

is the electric permittivity behind the multilayer lens.
The effective electric permittivity for the layers made of
composite materials are approximated with mixing rules
as it is presented in the next sections. In the presented
methodology, the interactions between the inclusions of
different layers are disregarded, and the electromagnetic
material parameters of each layer is considered indepen-
dent by the composition of any other layer.

IV. GENERALIZED MAXWELL-GARNETT
FORMULA FOR COMPOSITES WITH LAYERED

SPHERICAL INCLUSIONS

The Maxwell-Garnett mixing formula [17] has been
successfully applied to evaluate the electric permittivity
of composite materials built of spherical particles em-
bedded in a homogeneous host materials. The Maxwell-
Garnett formulas can be derived by replacing the spher-
ical inclusions with static electric dipoles. The dipoles
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are excited by the external field and the dipole-dipole in-
teraction is taken into account [18]. The theory has been
extended to calculate the effective electric permittivity of
composites formed by layered spheres in a homogeneous
host medium [17]. The Maxwell-Garnett type mixing
rules can be applied in case of spherical inclusions, which
are much smaller than the guided wavelength and they
do not agglomerate in clusters. The typical composite,
which can be characterized by the Maxwell-Garnett mix-
ing rule, is shown in FIG. 4.

FIG. 4. Maxwell Garnett type composite with spherical mul-
tilayer inclusions.

Herein a recursive procedure is reported, which employes
the Q2 function

Q2 (x) =
1− x

1 + 2x
, (11)

to substantially simplify the calculation of the effective
electric permittivity of composites with arbitrary number
of layers of the spherical inclusions. With the Q2 func-
tion, the Maxwell Garnett formula of spherical inclusions
takes the form

ϵeffr =
ϵhr

Q2

(
ζQ2

(
ϵhr
ϵir

)) (12)

where ϵhr is the electric permittivity of the host material,
ϵir is the electric permittivity of the spherical inclusion
and ζ is the filling factor. Note that the size of the in-
clusions is not directly included in the Maxwell-Garnett
formula and the filling factor ζ is the only geometry fac-
tor. In case of layered spherical inclusions, where the
permittivity of the nth shells is ϵnr (see FIG. 4), the ef-
fective electric permittivity of the composite is calculated
with the iterative algorithm presented in FIG. 5. For lay-
ered spheres the mixing formulas depends on the ratio of
the radius of neighboring shells. The iterative procedure
reduces to the Maxwell-Garnett formula ( 12 ) in case of
spherical inclusions.

V. HIGH FREQUENCY EFFECTIVE MEDIUM
THEORY OF SPHERICAL NANOPARTICLES

The electrostatic approximation of the Maxwell Gar-
nett formulas holds when the size of the inclusions is
much smaller than the guided wavelength. It is not

FIG. 5. Recursive algorithm to calculate the electric permit-
tivity of Maxwell-Garnett type composites with multilayer
spherical inclusions.

straightforward to decide when this condition is satisfied,
because the quantity, which has to be compared with the
particles size, is the guided wavelength in the compos-
ite, which depends on the effective refractive index. In
this section a high frequency effective medium model of
spherical inclusions is introduced [19], which takes into
account the scattering between the particles based on the
theory of Mie scattering [20]. The scattering coefficients
of the Mie expansion in case of standalone spherical par-
ticle, when the magnetic permeability of the particle and
of the surrounding medium is the same can be expressed
as

an =
mΨn (mx) Ψ′

n (x)−Ψn (x) Ψ
′
n (mx)

mΨn (mx) ξ′n (x)− ξn (x) Ψ′
n (mx)

, (13)

bn =
Ψn (mx) Ψ′

n (x)−mΨn (x) Ψ
′
n (mx)

Ψn (mx) ξ′n (x)−mξn (x) Ψ′
n (mx)

, (14)

m =
ni

nh
=

√
ϵirµ

i
r√

ϵhrµ
h
r

, x =
√

ϵhrµ
h
r ω r/c0. (15)

where Ψ and ξ are the Riccati-Bessel functions, the coef-
ficient m is the ratio of the inclusion and host refractive
index, ϵir and µi

r , ϵhr and µh
r are the electric permittivity

and magnetic permittivity of the inclusion and host, x is
the size parameter, ω is the angular frequency of the inci-
dent light, r is the radius of the sphere and c0 is the speed
of light in vacuum. The electric and magnetic dipole po-
larizabilities can be expressed with the first terms of the
scattering coefficients as [20]
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αe = i
3r3

2x3
a1, αm = i

3r3

2x3
b1. (16)

For standalone spheres these polarizabilities are exact for
any size of the sphere and for any wavelength of the in-
cident light. A high frequency extension of the Maxwell
Garnett theory can be derived by introducing the polar-
izabilities (16) in the Clausius-Mosotti formula

ϵeffr − ϵhr

ϵeffr + 2ϵhr
=

ζ

r3
αe, (17)

leading to the following relations of the effective electric
permittivity and magnetic permeability

ϵeffr =
x3 + 3 i ζ a1

x3 − 3
2 i ζ a1

ϵhr , µeff
r =

x3 + 3 i ζ b1

x3 − 3
2 i ζ b1

µh
r (18)

The Riccati-Bessel functions and their derivatives for n =
1 can be easily expressed with elementary functions as
follows

Ψ1 (ρ) =
sin ρ

ρ
− cos ρ,

Ψ′
1 (ρ) = sin ρ

(
1− 1

ρ2

)
+

cos ρ

ρ
,

ξ1 (ρ) = Ψ1 (ρ)− i

(
cos ρ

ρ
+ sin ρ

)
,

ξ′1 (ρ) = Ψ′
1 (ρ) + i

[
sin ρ

ρ
−
(
1− 1

ρ2

)
cos ρ

]
,

making the numerical evaluation of the effective electro-
magnetic parameters trivial.

VI. ELECTROMAGNETIC MATERIAL
PARAMETERS OF THE METAMATERIAL LENS

The proposed metamaterial lens is a composite mate-
rial made of spherical metallic nanoparticles embedded in
dielectric matrix. In this paper the spherical inclusions
are silver (Ag) nanoparticles with averaged size of 5 nm
and the dielectric host is glass (SiO2). The size of the
silver nanoparticles are larger that 2 nm, therefore quan-
tum effects can be disregarded [21], however the electric
permittivity of the nanoparticles must be modified due
to size effects. In the following a classical model of the
electric permittivity of silver is described as it is incor-
porated in the design procedure.
At optical frequencies, the electric permittivity of silver

is determined not only by the motion of the free electrons
in the lattice of metallic atoms, however the contribution
of the bound electron vibration is also substantial. When
the size of the metallic components is smaller than the

mean free path of the conduction electrons (≈ 50 nm),
the bulk electric permittivity of metals has to be modi-
fied to take into account the scattering of the conduction
electrons form the particle boundary, which leads to an
additional loss mechanism [20, 22]. The measured elec-
tric permittivity of the silver is obtained from the SO-
PRA database [23] as it is presented in FIG. 6.

(a)

(b)

FIG. 6. Decomposition of the electric permittivity of Ag into
free and bound electron contributions. In (a) the real part,
while in (b) the the imaginary part of the electric permittivity
is shown.

The electric permittivity can be decomposed as

ϵr = ϵfr + ϵbr, (19)

where ϵr is the measured bulk electric permittivity, ϵfr
is the free electron and ϵbr is the bounded electron con-
tribution [22]. Note that the electric permittivity cor-
responding to bound electrons has been smoothed. The
contribution of the free electrons to the electric permit-
tivity is modeled with the Drude model

ϵfr = 1−
ω2
pe

ω2 + iγeω
. (20)
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In this relation the plasma frequency ωpe and the damp-
ing constant γe are determined form the measured bulk
electric permittivity at a sufficiently low frequency, where
the free electron motion is the major factor, which deter-
mines the electromagnetic properties

ωpe = ω

√
1− ϵ′r +

ϵ′′r
2

1− ϵ′r
, (21)

γe = ω
|ϵ′′r |

1− ϵ′r
, (22)

where ϵr = ϵ′r + iϵ′′r is the electric permittivity at fre-
quency ω << ωp. For silver at frequency f = 0.145 PHz,
the electric permittivity is ϵr = −206.23 + 30.64 i, which
leads to the plasma frequency ωpe = 13.2649 rad/fs and
damping constant γe = 0.134793 1/fs. The bound charge
contribution is calculated as

ϵbr = ϵr − ϵfr , (23)

and it is smoothed with spline interpolation to reduce
the effect of the experimental errors. In FIG. 6 the real
and imaginary part of the measured bulk electric per-
mittivity and its decomposition into components, which
depends on free and bounded electron contributions is
shown. The size reduction effect on the electric permit-
tivity is taken into account by modifying the damping
constant in the Drude model [7]

γe = γbulk
e +

vF
Leff

, (24)

where γbulk
e is the bulk value of the damping constant,

vF = 1.4 · 106 m/s is the Fermi velocity of silver, and L
is the effective mean free path to take into account the
effect of collisions with the boundary of the nanoparti-
cle. For particles with arbitrary shape the effective mean
free path can be expressed with the billiard or Lamber-
tian scattering model as Leff = 4V/S, where V is the
volume and S is the surface of the nanoparticle [24].
In particular, for spherical nanoparticles Leff = 4r/3,
where r is the radius of the nanoparticle, whereas for
the spherical shell configuration the mean free path is
Leff = 4

(
r3i − r3i+1

)
/3

(
r2i + r2i+1

)
, where ri and ri+1

are the radii of the outer and inner surfaces of the shell
respectively [25].

The spherical nanoparticles are embedded in host di-
electric material to form the composite. In this paper
SiO2 is considered as host material and the frequency
dependent electric permittivity is obtained from the SO-
PRA database [23] and it is presented FIG. 7.

FIG. 7. The frequency dependent electric permittivity of the
SiO2 host material.

VII. COMPOSITE LENS MADE OF SILVER
NANOPARTICLES EMBEDDED IN SIO2 HOST

The developed procedure is applied to design sub-
wavelength imaging devices with composite materials.
First single layer composite lenses with spherical inclu-
sions are discussed. The primary parameters of the de-
sign procedure are the filling factor of the nanoparti-
cles, the working frequency and the thickness of the lens,
which are determine with optimization procedure. Con-
strains are enforced on the design parameters to obtain
implementable composite parameters and to remain in
the frame of the developed mixing rules.

In the following composite lens made of silver nanopar-
ticles with a radius of 2 nm immersed in SiO2 host is
considered.Two composite material based imaging con-
figurations are investigated. In the first configuration the
thickness of the lens is 20 nm and it is surrounded with
air. The source-lens and lens-image distances are 10 nm.
In the second configuration the thickness of the lens is
30 nm and the surrounding material is SiO2. The source-
lens and lens-image distances are 15 nm. To understand
the nature of the optimization problem in order to suc-
cessfully design the metamaterial based imaging device
the error surface of the objective function 7 is mapped.
FIG. 8(a) and 8(a) presents the error surfaces in function
of the frequency and filling factor for the air-composite-
air configuration and for the SiO2-composite-SiO2 case.

The maps of the objective function are extremely com-
plex with several hills and walleyes and large flat regions,
therefore gradient based optimizations fails to find use-
ful parameters unless the optimization procedure is not
started form the close proximity of the parameter regions
where imaging is possible. Nevertheless the differential
evolution based optimization [15] can be successfully ap-
plied for such objective functions. For the current prob-
lem a population size of 200-300 and maximum itera-
tions of 100-200 are sufficient to converge to the prox-
imity of the global minimum. The procedure requires to
set searching interval for the variables of the optimiza-
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 8. Design of the imaging device with the single layer composite lens. The first column refers to the lens with thickness of
20 nm and and surrounded with air, while in the second column the the thickness of the lens is 30 nm and it is surrounded with
SiO2. The error surfaces, which are searched by the optimization procedure are presented in (a) and (b). The markers indicate
optimized results obtained with constrains on the filling factor. The transfer function of the composite lenses are presented in
(c) and (d). The intensity distribution in the source and image planes are plotted in (e) and (f). For reference the transfer
function and the image without the lens are presented as well. The intensity distributions in the image plane corresponding to
points 1− 4 of (a) and (b) are presented in (g) and (h).
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tion. The optimum frequency is searched in the interval
[0.4 . . . 1] PHz. The lower limit of the filling factor is
set to 0 but the upper limit is set successively to 0.2,
0.3, 0.4 and 0.5 for different instances of the optimiza-
tion. The differential evolution algorithm converges to
the upper limit of the filling factor. The marked points of
FIG. 8(a) and 8(b) are the results of the optimization pro-
cedure obtained for the different constrains of the filling
factor. The blue color indicates the regions where sub-
wavelength imaging is possible, which is a thin curved
valley in the space of the related frequencies and filling
factors. The regions with high filling factors are out-
side of the range where the Maxwell-Garnett type mixing
rules can produce accurate results and they are plotted
only as reference, to join the case of the dense Ag thin
film with filling factor ζ = 1.

In FIG. 8(c) the transfer function of the 20nm thick
composite lens (red) surrounded with air, filling factor
ζ = 0.5 and working frequency f = 0.843 PHz are
presented, which corresponds to point 4 in FIG. 8(a).
FIG. 8(e) presents the source, the image calculated with
the Maxwell-Garnett and with the Mie scattering based
effective medium theory. The size of the inclusions is
deep sub-wavelength, therefore the high frequency mix-
ing rule produces similar results as the Maxwell-Garnett
theory, which approximates the metallic inclusions with
static electric dipoles. For reference the transfer function
and the image without the lens, which corresponds to a
40 nm thick air region is presented as well. The flat por-
tion of the transfer function of the air corresponds to the
frequency region bellow cutoff where propagating waves
are resent. In the absence of the lens the propagating
waves can reach the imaging plane without any distor-
tion, therefore for propagating components the magni-
tude of the transfer function equals one. The lens is
not impedance matched consequently for the propagating
components reflections occurs and the magnitude of the
transfer function is less than one. In the absence of the
lens the evanescent components are exponentially atten-
uated. The optimized lens can amplify several evanescent
components and achieves higher resolution in the image
plane. In FIG. 8(d) and 8(f) the transfer function and
the image produced by the 30 nm thick composite lens
surrounded with SiO2, filling factor ζ = 0.5 and working
frequency f = 0.79 PHz are presented, which corresponds
to point 4 in FIG. 8(b). The intensity distributions in the
image plane in function of the filling factor are collected
in FIG. 8(g) and 8(h). Increasing the upper limit of the
filling factor in the optimization procedure the resolu-
tion of the image is improving and the optimum working
frequency is shifting to higher values. The parameters
of the lens corresponding to points 1-4 of FIG. 8(a) and
8(b) and the corresponding effective electric permittivity
calculated by taking into account the size effect are sum-
marized in Table I. The simulations shows that with an
increase in the filling factor the effective electric permit-
tivity converges to values where the losses are minimum
and the lens is impedance matched to the surrounding

medium as much as it is possible.

TABLE I. The filling factor, the frequency and the effective
electric permittivity of the single layer composite lens

Lens surrounded with air Lens surrounded with SiO2

d = 20 nm d = 30 nm

ζ f (PHz) ϵeffr ζ f (PHz) ϵeffr

1 0.2 0.8036 0.19− 1.54i 0.2 0.7744 −0.28− 2.42i

2 0.3 0.8179 −0.29− 1.47i 0.3 0.7791 −1.18− 2.35i

3 0.4 0.8310 −0.55− 1.37i 0.4 0.7842 −1.72− 2.14i

4 0.5 0.8431 −0.78− 1.31i 0.5 0.7906 −2.01− 1.91i

The developed effective medium theory allows the cal-
culation of the effective electric permittivity of spheri-
cal multilayer metal-dielectric inclusions. Three layered
nano particles of Ag core, SiO2 shell and Ag shell are
considered as inclusions. The dimensions of the core and
shells are set as optimization parameters along the filling
factor and working frequency. The size effects are taken
into account and the optimization converges to spherical
Ag particles without any SiO2 core. Note that turning off
the size effects it is possible to obtain core shell configu-
rations which perform better than the metallic nanopar-
ticles, however for the considered dimensions in the range
of ≈ 5 nm the additional losses due to the electron scat-
tering on the core and shell boundaries cannot be disre-
garded.

The developed procedure is applied to design multi-
layer lenses made of metallic composite and SiO2 lay-
ers. The metallic composite is made of silver nanoparti-
cles with a radius of 2 nm immersed in SiO2 host. The
medium in front and behind of the multilayer lens is air.
The parameters of the optimization are the filling factor,
the frequency and the thicknesses of individual layers.
The searching intervals of the frequency and filling fac-
tor are set in a similar way as the bounds of the single
layer lens. The number of composite layers is two or
three and their thickness are optimized independently.
The first and the last layer of the lens is always made of
composite material. In the optimization procedure the
maximum value of the thickness of all individual layers,
including the air regions in front and behind of the lens
is set to 50 nm. The minimum thickness of the air re-
gions is 5 nm, of the composite layers is 10 nm and of the
SiO2 separation layers is 5 nm or 10 nm respectively. The
optimization returns the upper bound for the filling fac-
tor and the lower bound for the thicknesses. The design
parameters of the multilayer lens are collected in Table
II. The third column presents the geometry parameters,
where the thicknesses of the air regions are indicated with
italic and the thickness of the composite layers with bold
numbers. The absolute error between the intensity dis-
tribution in the source and image planes are presented in
the forth column. For reference the effective electric per-
mittivity of the designed composite material are included
in the table.
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(a)

(b)

(c)

FIG. 9. Imaging with the multilayer lens. In (a) the transfer
functions, and in (b) the images corresponding to the param-
eters presented in Table II are shown. The intensity distribu-
tion of the source and of the image for the lens, with param-
eters presented in the forth row of the table, along with the
reference image without the lens are shown in (c).

The imaging capabilities of the designed multilayer
lenses with the parameters listed in Table II are presented
in FIG. VII. The curves 1-4 refer to the composite-SiO2-

composite lens, while curves 5 and 6 to the composite-
SiO2-composite-SiO2-composite lens. The transfer func-
tions are presented in FIG. 9(a), and the intensity distri-

TABLE II. The design parameters of the multilayer lens

ζ f Thicknesses Error ϵeffr

(PHz) (nm)
(
×10−2

)
1 0.4 0.8171

5 10 10 10 5
1.98 −0.85− 1.54i

2 0.5 0.8272 1.92 −1.06− 1.43i

3 0.4 0.8235
5 10 5 10 5

1.89 −0.72− 1.46i

4 0.5 0.8348 1.81 −0.89− 1.36i

5 0.4 0.8227
5 10 5 10 5 10 5

2.16 −0.73− 1.47i

5 0.5 0.8336 2.11 −0.92− 1.37i

butions of the image plane are plotted in 9(b). Similar
to the single layer lens, the figures show increase of the
resolution in function of the filling factor. The resolution
is increased as well by decreasing the SiO2 separation
layer between the metallic composite films, therefore the
highest resolution can be achieved with the layers 10 nm
composite- 5 nm SiO2 - 10 composite as it is plotted in
FIG. 9(a). The separation between the source and im-
age plane can be increased by adding more layers to the
composite lens, which does not alters the shape of the
transfer function considerably, only the magnitudes are
reduced according to the additional losses.

VIII. CONCLUSIONS

Methodology to design single and multilayer flat meta-
material lenses has been presented. An estimate based
on the frequency domain analysis of the image formation
and the Nyquist-Shannon sampling criteria indicate that
100 nm resolution requires metamaterial unit cell sizes
smaller than 20 nm. At this unit cell size, it is still a chal-
lenge to fabricate resonance based metamaterials. There-
fore composite layers of Ag inclusions immersed in SiO2

host are proposed as lens and implementable geometrical
dimensions and composition has been determined with
optimization. These results support the use of metal-
lic composite - dielectric - metallic composite waveguides
for optical imaging application with high sub-wavelength
spatial resolution. Metallic composites with deep sub-
wavelength inclusions may eliminate the hotspots present
in the images of metallic superlens.
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